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Abstract 

The possibility of the reahzation of a curvaton scenario is studied in a theory 
in which two dilatons are introduced along with coupling to the scalar curvature. It 
is shown that when the two dilatons have an approximate 0(2) symmetric coupling, 
a scalar field playing the role of the curvaton may exist in the framework of this 
theory without introducing any other scalar field for the curvaton. Thus the curvaton 
scenario can be realized, and in the simple version of the curvaton scenario, in which the 
curvaton potential is quadratic, the curvature perturbation with a sufficient amplitude 
and a nearly scale-invariant spectrum suggested by observations obtained from WMAP 
can be generated. 
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1. Introduction 



The hierarchy problem exists in both particle physics and cosmology. In the former case, 
this is the hierarchy problem between gravity and standard particle physics mass scales, 
while in the latter case, it is the presence of a very small but finite cosmological constant 
or the dark energy indicated by the analysis of type-la supernovae observations,'^ whose 
magnitude is as small as 120 orders smaller than its theoretically natural value, i.e., the 
Planck scale (or a similar scale) .1^ The origin of this small cosmological constant is not well 
understood yet. There has yet been no definite convection established in theoretical studies. 

Recently, one of the present authors attempted to construct a modeP which simultane- 
ously solves the above two hierarchy problems by radically changing cosmology in the same 
spirit as the ideas of Dirac*' and Brans and Dicke.'^''^ In this model, a theory with two 
dilaton fields coupled to the scalar curvature considered. The existence of many dilatons is 
conceivable in light of higher-dimensional theories. Moreover, it has been argued that an 
effective gravity mass scale (the square root of the inverse of Newton's constant) increases 
in the inflationary stag^ (for a review of inflation, see Refs. IHI andlHI), and that the small 
cosmological constant or the dark energy density in the present universe could be dynam- 
ically realized in the case that two dilatons have approximately an 0(2) symmetry, taking 
the fundamental mass scale to be of TeV. In such a TeV scale model, where the potential 
of the dilatons is of order ~ (TeV)^, however, it is conjectured that a naive estimate of 
the curvature perturbation gives a magnitude which is much smaller than the recent ob- 
servational results of the anisotropy of the cosmic microwave background (CMB) radiation 
obtained from Wilkinson microwave background probe (WMAP).'^ Moreover, as is shown 
in §3, power-law inflation could be realized in this model. In the standard inflation models, 
however, inflation is driven by the potential energy of a scalar field, called an "inflaton", 
as it slowly rolls down the potential hill. This slow roll over in the quasi-de Sitter stage 
is necessary to account for the nearly scale-invariant spectrum of the primordial curvature 
perturbation out of the quantum fluctuation of the inflaton, which is also suggested by the 
observational results obtained from WMAP.^ 

However, in recent years a new mechanism for generating the primordial curvature per- 
turbation has been proposed, in which a late-decaying massive scalar field provides the 
dominant source of the curvature perturbation.^'^''^'^ In this scenario, the dominant 
part of the curvature perturbation originates from the quantum fluctuations of a new scalar 
field, called the "curvaton" , which is different from the inflaton. In contrast to the situation 
with the usual mechanism, with this new mechanism, inflation need not be of the slow-roll 
variety. Hence, even in the case of power-law inflation, the nearly scale-invariant spectrum 
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of the curvature perturbation demanded by the observations can be reahzed. Instead, it is 
required that the curvaton potential be sufficiently fiat during inflation. 

The purpose of the present paper is to argue that the curvaton scenario can be realized 
in the above theory, in which two dilatons are introduced along with the coupling to the 
scalar curvatureP In particular, we show that there exists a scalar field corresponding to 
the curvaton in the framework of this theory without introducing any other scalar field that 
plays the role of the curvaton, and discuss the case in which the curvaton scenario is realized. 
Also, we are able to construct the curvature perturbation with sufficiently large amplitude 
and nearly scale-invariant spectrum suggested by the observational results obtained from 
WMAP. 

This paper is organized as follows. In §2 we describe our model and derive field equations 
from its action. In §3 we show that power-law inflation can be realized in this model. Next, 
in the framework of this theory the existence of a scalar field corresponding to the curvaton 
is demonstrated in §4. Then, in §5, we study the case in which the curvaton scenario can be 
realized in this model. Finally, §6 is devoted to a conclusion. Throughout the present paper 
we use units in which = c = h = 1 and denote Newton's constant by G = mpi~^, where 
mpi = 1.2 X lO^^GeV is the Planck mass. 



§2. Model 



2.1. Action 



We introduce two scalar fields, ipi {i = 1, 2). Furthermore, we introduce dilatonic coupling 
of these scalars to the scalar curvature. Our model action is the foUowingP 



-/(<^,)i?+^(9<^,)2-\/[<^,] + £„ 



(1) 



f{ipi) = eiy?i + e2(P2, (2) 

V[^,] = Vocos^ + A, (3) 

where R is the scalar curvature arising from the spacetime metric tensor g^^, g is the determi- 
nant of g^^, f{ipi) is the coupling between the dilaton and the scalar curvature [with Cj ( > ) 
being dimensionless constants], V[(pi] is the potential of the dilaton (with (fj. = 
and Vo > yl > 0), and M denotes a mass scale. Here A is the collection of all the con- 
stants in the Standard Model Lagrangian such that the potential of the Standard Model 
Lagrangian vanishes at its minimum. We assume 0(2) symmetry for the potential ^^[v^i], 
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while we allow its violation by choosing ti t2- Moreover, we use the simplified notation 

The dilatonic coupling of the scalar field to the scalar curvature given by f{(fi)R is taken 
from the Brans-Dicke theoryP However, with regard to the choice of the potential ^^[v^j], 
we part with the Brans-Dicke theory, in which a single dilaton, (p, is introduced along with 
the null potential and /(v^) = (l/2)^(y9^, where ^ is a dimensionless constantP For both 
simplicity and naturalness, we assume that all mass parameters are of the same order, and 
thus Vo ^ A = 0[M^] for the choice Q. In the present model, we use a common mass scale 
M of order mpi, although in the scenario proposed in Ref. |3|), a common mass scale M of 
order TeV, favored by the present small value of the dark energy, is used. 

2.2. Field equations 

The field equations can be derived by taking variations of the above action in Eq. ([Q) 
with respect to the metric ^f^,^ and the dilatons y?, as followsP 

R,u - \g,uR = ^ + T^,f] + J (V^V./ - g,.nf) , (4) 



with 



T!,f = d,^,d,v, - g^. 



(5) 



and 



dV df 

= - ^R, (6) 

where is the covariant derivative operator associated with g^^,, and □ = g^'^V is the 
covariant d'Alembertian for a scalar field. In addition, R^^j is the Ricci curvature tensor, 
while T^^*'' is the contribution to the energy-momentum tensor from the scalars yjj, and T^™'* 
is the usual contribution of radiation, matter and other fields. Taking the trace of Eq. (^j). 
we obtain 

-R = Yf [^^"^ - (^^^)' + - 6°/] ' (7) 

where T*^™-* is the trace of T^™''. 

We now assume the spatially fiat Friedmann-Robertson- Walker (FRW) spacetime with 
the metric 

ds^ = g^.ydx^dx" = - a^{t)dx^, (8) 
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where a{t) is the scale factor. In the FRW metric (jH)), the equations of motion for the 
background homogeneous scalar fields read 



(9) 



where the dot denotes differentiation with respect to time, and the prime denotes differen- 
tiation with respect to ip^. Here H is the Hubble parameter. Using the equations of motion 
for the dilaton fields Q with Eq. (|7j), we find the dynamical equations in terms of the two 
field variables / = eiip{ + €2922 ^i-nd / = eiip\ — e2(P2 as 



/ + 3Hf = { (eiy3i2 + e2^2^) - -V 

V-'r 



+ 



(10) 



/ + 2,Hf = { F(eiy3i2 _ e2ip2'') - 



- 24eie2(ei - £2) 



/ 



I 



V 



+ (^iA-M^ [tM +AV- {^^ + ^2') - 12(6iv3i^ + e2v32^)] |, (H) 



F = 1 + 12 



f 



(12) 



(The reason we have chosen the field variable / as the partner of the coupling / is stated in 
§A.2.) Furthermore, the gravitational field equations read 



1 

6/ 



-H 



f_ 
f 



(13) 



f 



f f 



+ Ul + 8fM±iM)(^,^ + ^2^) 



f 



(14) 



where in deriving the expression (fT^ we have used Eq. (jTUl). 
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§3. Power-law inflation 



In this section, we show that power-law inflation can be realized in the presently consid- 
ered model. Here we seek solutions with the ansatz 



/ = At^ L = Bt, (f, = Ct, aoc t 



(15) 



which is valid for large t. Here, L = v?iV^2 — V'2V^i is the angular momentum. The existence 
of the angular momentum is one of the important features of this model. We now assume 
that in the inflationary stage, the cosmic energy density is dominated by the dilatons, and 
hence T^^^ is negligible. Moreover, for the moment we ignore variation of the potential and 
hence we replace V by its average value, A. 

Substituting the ansatz (fT3j) into Eqs. (fTUj) . (fT^ and we obtain 



1 + 3cu = P-^ 



4vl + 4vl \ ^ 

f J A 

elifl + el^pl ely3l2 + e2V^2^^ ^ / ^2 



/ 



• 2 I -2 

^1 +V'2 



A 



(J2 



12 



00 = F'^ 
1 



'A 1 / 2 



4 f ejifl + elipl\ A 
5 



/ J A 



/ 



+ 4- 



• 2 I -2 



„2 B^ 

A V ^C^ 



where in deriving the expressions (fTH|l — (fTK|) we have used the following relation: 

(J2- 



From Eqs. (fTTj) and (fTHjl . we find 
A 



, 2(1 + 4^1^4^^''" 



X 



3(u;^ + 2c.) ( 1 + 8 M±M + 4 + 



/ 



• 2 I -2 



huoF 



(16) 



(17) 



:i8) 



(19) 



(20) 



6 



X 



-24(a;2 + 2cu) { + ''^^ ) + 5coF 



(21) 



Eliminating A/ A and {C^ + B^/C^) /A from Eqs. (HSl), (EDD and (jUD, we obtain 



24 1^^^^ + ^^^"].;^- 



12 



4vi + 4.^1 
f 



• 2 I -2 



to" 



1 + 4 



01^ + ¥^2^ 



0. 



(22) 



We now assume \ ^ ip\ and </3i^ ^ (/32^ and approximately determine uj in terms of e^. It 



follows from these approximate relations that Eq. ()22|) can be rewritten in the form 

2^^u? - (12/3 - ^c? + 3a)u; - a(l + 2a) = 0, (23) 

with 



a = ei + 62, 



The solution of Eq. (j2Sl) is given by 

1 



UJ 



48/3 



(12/3 - 4a2 + 3a) + /D 



D = 9a^- 24a^ + 168a/3 + 16a^ + 96a^P + 144/3^ 



(24) 
(25) 

(26) 
(27) 



where we have taken the positive solution of u. In the case <^ 1, considering only the 
terms of leading order in ej in expressions fl26p and (jTTj) , we find 

ei + £2 



a 



UJ 



(4 + ei) 



(28) 



Hence, for <^ 1, the index of the power u can be much larger than unity, and thus the 
power-law inflation can certainly be realized. From this point, we consider only the case 
e^ < 1. 

A large value of uj is favored to approximately mimic the exponential expansion of the 
cosmological scale factor. The gravity mass scale increases as / oc a^^^ during inflation. 
Thus, there is no difficulty in obtaining a large enough number of e-folds during inflation, and 
simultaneously resolving the mass hierarchy problem. This is a feature that also appears in 
the model of extended inflatior^ (see also Ref. ITHj)). The number of e-folds for a particular 
case in this model is estimated in §4.3. The requirement for power-law inflation in the 
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curvaton scenario is that the power-law exponent uj be much larger than unity, as is discussed 
in §5. Furthermore, we note the following point. The discussion in this section corresponds 
to analysis in the Jordan frame, in which there exist scalar fields nonminimally coupled to 
the scalar curvature. It is not obvious, however, that power-law inflation can be realized 
not only in the Jordan frame but also in the Einstein frame, in which there ordinarily exist 
scalar fields minimally coupled to the scalar curvature. For this reason, in Appendix B, we 
show that power-law inflation can also be realized in the Einstein frame. 

Here we present approximate expressions of A, i?, and C . Their detailed derivations are 
given in §A.l. These approximate expressions are as follows: 



Finally, we discuss the following points. We first consider the allowed case in which 
we can ignore the variation of the potential V\-p^ = Vocos(v?r/^) + ^ in Eq. (jH)), and 
therefore replace V by its average value. A, as done in deriving the solutions of power-law 
inflation at the beginning of this section. As explained in §4.2, in this model, we consider 
the following case. In the inflationary stage, the field amplitude of the dilatons is given by 
ipi = 7iM, ip2 = 72^^, where 71 and 72 are dimensionless parameters with time dependence. 
In addition, we assume 71 72 ~ 7 = 7(t); these relations are consistent with the assumption 
ipl f» ip2, used in deriving the approximate expressions of A, B, C and u above. In this case, 
we have (fy- = \/ y^f + ^2 ~ 7M. Hence, if 7(t) <^ 1 during inflation, we can ignore variation 
of the potential. In this case, we find V ~ Vq + ^. Thus it follows from the assumption 
Vq ~ /I = 0[M^] made in §2.1 that it is valid to recognize V as being approximately equal to 
A. As shown in §4.2, the case in which we are interested corresponds to just this case. In fact, 
for example, in the case ei = 3.1 x 10^'^, €2 = 3.0 x 10"'^ and 7 = 3.5 x 10~^, which is the case 
(v) in Table I of §4.2, the solution derived by partially taking the variation of the potential 
V into consideration is = 4.15 x 10^ ^ 1. Hence power-law inflation can be practically 
realized. Furthermore, the value = 4.10 x 10^, which is estimated by ignoring the potential 
variation and replacing V by its average value A, as shown in Table I, is very close to that in 
the above solution. Thus, if 7(t) <^ 1 during inflation, the above approximation in which we 
ignore the variation of the potential and regard V as being approximately A is valid. Here 




(29) 




(30) 




(31) 
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we note that in deriving the above solution by partially taking the variation of the potential 
V into consideration, we have used (fij- ~ 7M and the relation t ~ ui^JOcry^/M, which is 
derived by using Eqs. (PT|) and (jl^ . which are given in §4.2, and the relation H = uj/t. 

From the above consideration, we see that if 7(t) <^ 1 during inflation, then this case is 
just the case considered in the later discussion appearing in §4 and 5, as stated above, and 
power-law inflation can be practically realized in this model. In contrast to our scenario, in 
the scenario proposed in Ref. Ej), which simultaneously solves the hierarchy problem between 
gravity and particle physics mass scales and the small cosmological constant or the dark 
energy problem, the following case is considered. In the inflationary stage, (p-^ goes over the 
many local maxima of the potential and then changes for many periods, i.e., 7(t) > 1 and 
7(tf) — 7(ti) ^ 1, where tf and tj are the time at the end and at the beginning of inflation, 
respectively. Thus, the situation for the evolution of ip^ during inflation considered in the 
present model is different from that in the scenario proposed in Ref. E}. 

Second, we consider the reason why power-law inflation occurs. In the inflationary stage, 
from Eq. (0 we find H"^ ^ 1/(6/) [{^i^ + ^2^) l^ + V] ^ A/{<6f). Here, in deriving the first 
approximate equality, we have used ^ Hf/f. This relation follows from H/{f/f) = 
uj/2 ^ 1, where we have used H = uj/t and / = At^. Moreover, in deriving the second 
approximate equality, we have used {ipi' + Lp2^)/2 + V ^ [16/3/(3a)] + ^ [2/ {?,uj)] A + A ^ 
A, where in deriving the first approximate equality we have used Eqs. fjl9|) and ()A-12|) . in 
deriving the second approximate equality we have used Eq. (j2Hl), and in deriving the last 
approximate equality we have used uo ^ 1. Furthermore, we have ignored variation of the 
potential and hence replaced V by its average value, A. From the above consideration, we 
understand that the contribution of the cosmological constant A to the power-law inflation 
is much larger than that of the kinetic term of the dilatons. Thus, the contribution to the 
power-law inflation comes mainly from the effect of cosmological constant, A. 

§4. Extremely large mass hierarchy 

In this section, we show that there exists a scalar field corresponding to the curvaton 
in the framework of this theory without introducing any other scalar field that plays the 
role of the curvaton. First, we discuss the fluctuation equation in terms of / = ei(p\ + e2^\ 
and / = tiLfl — €2(^2 order to derive these mass values in the inflationary stage. Next, 
we consider the case in which an extremely large hierarchy of these mass values in the 
inflationary stage can be realized. The realization of this extremely large hierarchy implies 
that the potential of the scalar field with the lighter mass is much flatter than that of the 
scalar field with the heavier mass. Furthermore, if the lighter mass is much smaller than the 
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Hubble parameter in the inflationary stage, the scalar field with the lighter mass can be the 
curvaton, as discussed in §5.2. 

4.1. Linearized equations 

To begin with, we discuss the fiuctuation equation in terms of / = eiip\ + e2(pl and 
/ = eiifl — e2V?2 order to derive these mass values in the inflationary stage. With the 
ansatz 



f = fo + Sf, |5/|«|/o|, 



f = fo + 5f, 



5f 



/c 



(32) 



where /o and /o are the zeroth order quantities and satisfy Eqs. (fTUj) and (fTT|) . respectively, 
we obtain the linearized equations 



6f + 3H6f 
6f + 3H6'f 




(33) 



where 



M21 M22 



In deriving the expression (33), we have kept terms up to those of first order in 6f and 6f. 
A detailed derivation of Eq. (33) and the expressions of the components of Ai^ are given in 
§A.2. 

Here we emphasize the reason why we need to estimate the mass values of the scalar 
quantities / and /. As stated at the beginning of this section, the final purpose of this section 
is to show that there exists a scalar field corresponding to the curvaton in the framework of 
this theory, without introducing any other scalar field that plays the role of the curvaton. 
The necessary condition for a scalar field to correspond to the curvaton is that its mass 
be much smaller than the Hubble parameter in the infiationary stage. Hence, in order to 
examine the existence of a scalar field corresponding to the curvaton, we consider not the 
mass scales of the dilatons ipi themselves, but those of the scalar quantities / = eiipl + ^2^2 
and f = eiifl — e2^pl, which are expressed as linear combinations of (pi and y?!- We cannot 
easily estimate these mass values from Eqs. ()10|) and (lllj) themselves, however, because the 
parts corresponding to the mass terms of these equations are too complicated. Therefore 
we consider the linearized equations (33) by making use of the ansatz (32), and then we 
estimate the eigenmasses of / and / by carrying out the diagonalization of the matrix 
in (34), as discussed in the next subsection. 
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4.2. Mass diagonalization 

Next, we show that an extremely large hierarchy of the mass values of / and / in the 
inflationary stage can be realized. For this purpose, we investigate these eigenmasses by 
solving the following characteristic equation of A^^: 



det {M^ -XE) =0 ^ - TiM^ A + det = 0, 



(35) 



where A is an eigenvalue of Ai^, and E is the unit matrix. The solutions of Eq. (35) are 
equivalent to the diagonal components of the diagonalized matrix of Ai^, namely, the square 
of the eigenmasses of / and /. The solution of Eq. (35) is given by 



A- 



1 ± Wl - 



4detA<2 



{TiM 



2\2 



(36) 



where the signs ± in X± correspond to those on the right-hand side of this equation. 

The necessary conditions for an extremely large hierarchy of the eigenmasses of / and 
/ to be realized are the following three: (I) TrA^^ > 0, (II) det A^^ > 0, and (III) = 
4 det / (Tt Ai^y <^ 1. The first and second conditions are necessary in order that both 
the square of the eigenmasses can be positive, that is, A+ > and A_ > 0. The third 
condition is necessary in order that an extremely large hierarchy of the eigenmasses can be 
realized, that is, A_/A+ ^ 1. In the case that the above three conditions are satisfied, it 
follows from Eq. (36) that the square of the eigenmasses of / and / can be approximately 
expressed as 



A+ 

A_ 

A_ 

a7 



det Al^ 
TrA12 

det Al^ 

2^2 



detAl^ 
(TrAi2)2 



> 0, 



>0, 



(TrAi 



1 + 



det Ai^ 



(TrAi 



2^2 



<1, 



(37) 

(38) 
(39) 



where each approximate equality in these relations follows from the above third condition, 
O = 4 det Al^/(Tr Ai^)^ ^ 1. We therefore investigate the case in which the above three 
conditions are satisfied by estimating TrAl^ and det Al^. 

Here we consider the following case. As stated in §2, in regard to the dilaton potential 
appearing in Eq. (jS)), we assume Vq ~ /I ~ M^. Moreover, in the inflationary stage, the 
field amplitude of the dilatons is given by ipi = 71 M and ip2 = I2M, where 71 and 72 are 
dimensionless parameters with time dependence. In addition, we assume 71 f» 72 ~ 7 = 
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7(t)- (These relations are consistent with the assumption (pf ^ ip\, made in deriving the 
approximate expressions of A, B, C and uj in §3.) Furthermore, we consider the case in which 
the value of ei is close to that of €2 and introduce a dimensionless constant e = (ei + 62) /2 = 
a/2 = 0[ei\. In this case, from Eq. (j2I) we find 

/ ^ 2e72M2 = a-i'^M'^. (40) 

Hence, it follows from Eqs. (fT^ and (jin|) that the Hubble parameter in the inflationary stage 
is expressed as 

/ /\/r4 

(41) 

In deriving the first approximate equality in Eq. (PT|) we have used two relations. The first 
is (v?!^ + '4>'i)l2 + V ^ [16/9/(3a)] [2/(3u;)] A^ A^ A, where, in deriving the first 

approximate equahty, we have used Eqs. (fnijl and ()A-12|1 . in deriving the second approximate 
equality, we have used Eq. (j28|l . and in deriving the last approximate equality, we have used 
cij ^ 1. Furthermore, we have ignored variation of the potential, and hence replaced V by 
its average value, A. The second relation used here is ^ Hf/f. This relation follows 
from H/ {f / f) = uj/2 ^ 1, where we have used H = uj/t and / = At^ in the ansatz 

From Eq. ^ and the expressions ()A-22|) . ()A-24|) . ()A-26|) and ()A-28|) . we can obtain 
approximate expressions for TrA^^ and det A^^. For convenience in describing these expres- 
sions, we represent TrAl^ and detAl^ as 

TiM^ = M\i+ M^22 



2n(0) 



(TrAl 



2a(1) 



(43) 



and 



det Ai^ _ _;^2^^^2^^ _ _;^2^^_;^2^^ 



= (detA<2)(°) + {deiM^Y^^ + {deiM^i^\ (44) 

Here, (TrTVl^)*^"-' and (det Al^)*-^'' are the parts independent of the sine functions. More- 
over, {TiM.'^Y^^ and (det A^^)'-^-' are the parts proportional to sin[y9i./M + arctan (X1/X2)] 
and sin [931./^ + arctan (F1/F2)]) respectively, and (detA^^)*^^) is the part proportional to 
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sin [2y9r/M + arctan (Z1/Z2)]. These approximate expressions for TiAi^ and detA^^ and 
the expressions for Xi, X2, Yi, Y2, Z\ and Z2 are presented in §A.3. Here, as stated above, 
we have considered the case Vq ~ /I ~ M^. Moreover, from Eq. (PT|) we have used the 
relation 

^ ^ H uj \ a \ \ 

M ^ — = ^ , (45) 

where the last approximate equality follows from Eq. (j^Hj) . 

We now approximately evaluate TrA^^ and detA^^ by using Eqs. ()A-42|) — f lA-48|) and 
then investigate the case in which the above three conditions can be satisfied. In order to 
confirm that the above three conditions can always be satisfied independently of the values of 
the sine functions, we investigate the case that the following three relations can be satisfied: 



Tr Ai2 ^ (TrAl^) 



2n(0) 



>0, 



(46) 



detA^2 = (det Al2)(o) _ V^^i' + + V^i _±^ > 0, 

V 



(47) 



e 



(det A^2)(o) + (^Y^^Yi + y/Zf + Zi) t 



< 1, 



(48) 



where is positive. The first relation means that the minimum of Tr A^^ is positive. More- 
over, the second relation means that a value smaller than the minimum of det Al^ is positive. 
Furthermore, the third relation means that a value larger than the maximum of O is much 
smaller than unity. The reason we have adopted det Al^ as a value smaller than the mini- 
mum of det Ai^ and 6* as a value larger than the maximum of is that we cannot obtain 
analytical expressions of the minimum and maximum of det Al^, because, as seen from Eqs. 
()A-45|) — ()A-48|) . det Ai^ has two terms proportional to sine functions whose phases differ. 
Moreover, as the effective values of \± and the ratio A_/A_|_, we adopt the average values 

(detAl2)(o) 



a; 



(TrA^2)(°) 

(detAl2)(o) 
(TrA12){0) ' 

(detA^')W 
((TrAi2)(o))2 



((TrA12)(0))2 



1 + 



(detAl^)W 
((TrAi2)(o))2 



(49) 
(50) 
(51) 



where '( )' denotes the average over many periods of the sine functions. 
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Table I. Examples of the values of the model parameters in the case that an extremely large 
hierarchy of the eigenmasses of / and / can be realized, that is, the three relations (|46() — ()48() 
can be satisfied. Here we have approximately evaluated uj, 7, and t"-*^ by using uj a/(8/5), 
7 l/VOaT^, and (8/?/a)TM, respectively. 





ei 




£2 




r 


UJ 


7 




t-^/M 


(i) 


4.1 X 10- 


-2 


4.0 X 10- 


-2 


3.5 X 10^ 


3.1 


4.1 X 10" 


~2 


1.1 X 10^ 


(ii) 


2.6 X 10^ 


-2 


2.5 X 10" 


-2 


3.0 X 10^ 


4.9 


6.0 X 10- 


-2 


6.1 


(iii) 


1.1 X 10' 


-2 


1.0 X 10" 


-2 


3.5 X 10^ 


1.2 X 10^ 


8.0 X 10" 


-3 


2.9 X 10^ 


(iv) 


6.6 X 10' 


-3 


6.5 X 10- 


-3 


4.5 X 10^ 


1.9 X 10^ 


7.9 X 10- 


-3 


2.4 X 10^ 


(v) 


3.1 X 10' 


-3 


3.0 X 10- 


-3 


1.5 X 10^ 


4.1 X 10^ 


3.5 X 10- 


-4 


3.7 X 10^ 



Table II. Estimates of the quantities in the three relations (|46)) — (|48)) and of the effective values of 
the square of the eigenmasses of / and / and their ratio in the cases (i) — (v) displayed in Table 
I. Here we have defined ^"1 = TrTW^/M^ and S2 = det A1^/M^. Moreover, we have estimated 
these quantities by using Eqs. (|A-43|) . (|A-44|) and (|A-46|) - ()A-48|) . 







■^2 







(A+) /M2 


(A_) /M2 


(A-/A+) 


(i) 


1.0 X 10^ 


2.5 X 10^ 


4.2 X 10- 


-5 


1.0 X 10^ 


5.4 X 10^ 


5.4 X 10-6 


(ii) 


1.0 X 10^ 


5.0 X 10^ 


3.0 X 10- 


-4 


1.0 X 10*^ 


4.0 X 10^ 


4.0 X 10-5 


(iii) 


3.3 X 10^ 


3.1 X 10^ 


9.8 X 10- 


-4 


3.4 X 10^ 


4.1 X 10^ 


1.2 X 10-^ 


(iv) 


8.2 X 10^ 


2.1 X 10^ 


2.7 X 10- 


-5 


8.2 X 10^ 


2.9 X 10^ 


3.6 X 10-6 


(v) 


4.1 X 10^ 


5.8 X 10" 


3.8 X 10" 


-5 


4.1 X 10^ 


1.9 X 10^ 


4.7 X 10-6 



Table I displays some examples of the values of the model parameters in the case in 
which an extremely large hierarchy of the eigenmasses of / and / can be realized, that 
is, the three relations pUj) — ()48 p can be satisfied. Here, from Eqs. (j^Hj) . ()42|) and (45), 
we have approximately evaluated u, 7, and t^^ by using u ^ a/{8P), 7 ~ l/v6aT^, 
and ~ {8(3/a)TM, respectively. Furthermore, Table II lists estimates of the quantities 
Si = Tr A^VM^, S2 = detA^VM^ and O in Eqs. and estimates of the effective 

values of the square of the eigenmasses (A+) and (A_), and the ratio (A_/A+) in the cases 
displayed in Table I. Here we have estimated these quantities by using Eqs. ()A-43|) . ()A-44|) 
and (0n6|) - (0r48ll . 

Figures 1, 2, and 3 depict estimates of Si = TiM^/M"^, S2 = detOW^/M^, and 0, 
respectively. Moreover, Figs. 4 and 5 depict estimates of (A+) /M^ and (A_) /M^, and the 
ratio (A_/A+). In all the figures, the solid lines represent the case T = 1.5 x lO'*, and 
the dotted lines represent the case T = 3.5 x 10^. Moreover, the left panels correspond 
to the case ei = ea + 1.0 x 10-^ £2 = 1.0 x 10-^ + 1.0 x 10-^j (0 < j < 89), where j 
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is an integer, while the right panels correspond to the case ei = €2 + 1.0 x 10^'^, £2 = 
1.0 X 10"^ + 1.0 X 10~^j (0 < j < 89). In Fig. 1, for all the cases, we have Si > 0, and hence 
the relation is satisfied. In Fig. 2, in the case T = 1.5 x 10^, for 62 < 2.9 x 10"^ and 
€2 > 4.5 X 10~^, we have S2 < 0. Moreover, in the case T = 3.5 x 10^, for €2 < 6.9 x 10^^ 
and €2 > 4.5 x 10~^, we have S2 < 0. Hence, in these cases, the relation ()47|) is not satisfied. 
In Fig. 3, in the case T = 1.5 x 10^, for 62 > 4.5 x 10~^, we have < 0. Moreover, in 
the case T = 3.5 x 10^, for €2 > 4.6 x 10~^, we have < 0. In the remaining cases, the 
relation < 6* <^ 1 holds, and hence the relation (|48|) is satisfied. Consequently, from 
the above considerations, we see that all the relations — (jIHj) can be satisfied; that is, 
an extremely large hierarchy of the eigenmasses of / and / can be realized in the case 
r = 1.5 X 10^ for ei = 62 + 1.0 x 10-^e2 = 1.0 x 10"=^ + 1.0 x lO'^j (20 < j < 89), 
and ei = 62 + 1.0 x 10"^, 62 = 1.0 x 10"^ + 1.0 x lO^^j (0 < j < 34), and in the case 
r = 3.5 X 10^ for ei = €2 + 1.0 x 10-^ ea = 1.0 x 10"=^ + 1.0 x lO^^j (60 < j < 89), and 

= £2 + 1.0 X 10^3, €2 = 1.0 X 10~2 + 1.0 X lO^^j (0 < j < 34). Furthermore, from Figs. 
4 and 5 we see that in the above cases, both (A4.) /M^ and (A_) /M^ are positive, and the 
ratio (A_/A_|_) is much smaller than unity. From the above results, we see that in the case 
that the difference between the values of ei and €2 is much smaller than ei and €2 themselves, 
i.e., |ei — £2] <^ 0[ei] [in other words, the two dilatons have an approximate 0(2) symmetric 
coupling], an extremely large hierarchy of the eigenmasses of / and / can be realized. 

Finally, we note that in all the above cases in which an extremely large hierarchy of the 
eigenmasses of / and / can be realized, the heavier eigenmass, m_|_ = a/ (A+), is comparable 
to or larger than the Hubble parameter in the inflationary stage, while the lighter eigenmass, 
m_ = (A_), is much smaller than the Hubble parameter in the inflationary stage. For 
example, in the case (v) in Table I, we have m+/if ^ ^(A+)/(rM) = 4.3 and rxi-jE ^ 

(A_) / (TM) = 9.2 X 10"'^, where we have used Eq. fHT|) . Thus, it is expected that the scalar 
fleld with the lighter eigenmass, m_, which is much smaller than the Hubble parameter in 
the inflationary stage, can be regarded as corresponding to the curvaton. 

4.3. Evolution of dilatons after inflation 

In this subsection, we discuss the evolution of dilatons after inflation, in particular, when 
and how the inflation ends and how reheating occurs in this model. 

As shown in the cases considered in Table I of the previous subsection, from this point, we 
mainly consider the following case ip^ = + ^2 ~ iM, where 7(t) ^ 1 during inflation. 
In this case, during the inflationary stage the dilatons (pi evolve as (/^r = Ct in the ansatz 
(fT3j) around the origin of the potential V[ipi] = VqCos (y^r/M) + A in Eq. 0. Although ip,. 
exists around the origin of the potential in the inflationary stage, after sufficient infiationary 
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expansion, the amplitude of <^r becomes large, and then ^p^ approaches the minimum of the 
potential, i.e., ip^ = Mvr, in which the value of the potential is V = —Vq + A ^ 0, where the 
last approximate equality follows from Vq ~ /I ~ M^. As (p^ nears the potential minimum, 
the potential steepens, and the evolution of ip,- becomes more rapid; as approaches and 
then, inevitably, overshoots the minimum of its potential, it begins to oscillate about <^r = 
Mtt on a time scale short compared to the Hubble time. Hence, after the oscillation epoch, ipj- 
does not evolve as (pr = Ct but remains near the potential minimum, (p^- = Mvr. An enormous 
vacuum energy of the dilatons then exists in the form of spatially coherent oscillations of the 
dilatons, corresponding to a condensate of zero-momentum (pi particles. Particle creations, 
or, equivalently, the decay of ipi particles into other, lighter fields to which it couples, will 
damp these oscillations. Furthermore, as the decay products thermalize, the universe is 
reheated. 

Finally, we estimate the number of e-folds during inflation. This quantity is defined a^ 

N= r Hdt (52) 



= a;ln(^^^, (53) 

where in deriving Eq. (|53p we have used the relation H = uo/t. Moreover, it follows from the 
considerations at the beginning of this subsection that (p>r{ti) ~ and v'r(^f) ~ Mtt. 

On the other hand, from these relations and <^r = Ct, we obtain 

, = ^ « IMm. (54) 



c c 

Substituting Eqs. and (jHHjl into Eq. (jK!^ . we obtain 



- ^M. (55) 



^ win 



TT 



7(ti) 



(56) 



For example, in the case (v) of Table I, it follows from the values uj = 4.1 x 10^ and 
7(ti) ~ 3.5 X 10"^ and Eq. §^ that A^ = 3.7 x 10^ > 70. Thus, the expansion of the 
universe during the epoch of power-law inflation realized in this model is large enough to 
solve both the horizon and flatness problems. 
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§5. Curvaton scenario 



In the previous section, we showed that when two dilatons have an approximate 0(2) 
symmetric couphng, a scalar field corresponding to the curvaton exists in this theory. Con- 
sidering this point, in this section, we investigate the case in which the curvaton scenario 
can be realized in this model. In particular, we consider a simple version of the curvaton 
scenario following the outline given in Refs. IT^ andlT3|). 

5.1. Curvature perturbation 

To begin with, we consider linear metric perturbations. (For a review of the theory of 
cosmological perturbations, see Ref. Ej).) The curvature perturbation on uniform-density 
hypersurfaces ( is related to the gauge- dependent curvature perturbation ip on a. generic 
slicing and the energy density perturbation Sp in that gauge through the following gauge- 
invariant formulaP^ 

C = - H^j- (57) 
Furthermore, the time dependence of ( on super-horizon scales is given bj^^ 

C = -^^^^nad, (58) 

where P is the pressure and 5Pnad = — cj.6p is a non-adiabatic pressure perturbation. 
Here, = P/p is the adiabatic speed of sound. In the usual infiation scenario, in which ( 
is generated during infiation through the perturbation of a single-component infiaton field, 
it becomes practically time independent soon after horizon exit and remains so until the 
approach of horizon entry. By contrast, in the curvaton scenario, the curvature perturbation 
generated in the infiationary stage is negligible, and it is generated later through a non- 
adiabatic pressure perturbation associated with the curvaton perturbation. Finally, we note 
that from this point, we mainly consider the curvature perturbation on super-horizon scales. 

5.2. Curvaton field 

Next, we investigate the case in which the curvaton scenario can be realized in this model. 
As discussed in §3, power-law infiation in which the power-law exponent u is much larger 
than unity can be realized in this model, and hence the Hubble parameter H can be slowly 
varying: 

HI 

The requirement for power-law infiation in the curvaton scenario is that the relation ()59|) be 
satisfied; that is, the power-law exponent uj should be much larger than unity. Furthermore, 
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as noted in the previous section, in the framework of this theory, the scalar field with the 
lighter eigenmass, m_, which is much smaller than the Hubble parameter in the infiationary 
stage, can be regarded as corresponding to the curvaton. From this point, we therefore 
regard this field as the curvaton a with mass m„ = m_. 

Here we assume a spatially fiat FRW spacetime with the metric (8), and we take the 
Lagrangian of the curvaton a to be given by 

C,^\{daf-U[ai (60) 

where U[(t\ is the potential of the curvaton. Furthermore, we assume that the curvature 
perturbations is negligible during inflation. After the smallest cosmological scale leaves the 
horizon, the curvature perturbation remains negligible until after the curvaton starts to 
oscillate. Consequently, the curvaton evolves in unperturbed spacetime. In order to follow 
this evolution, we assume that the curvaton has no signiflcant coupling to other fields, or, 
to be more precise, that the effect of any coupling can be integrated out to give a possibly 
time-dependent effective potential U . 
We can now split the curvaton field as 

(T{x,t)^(TQ{t)+5(T{x,t), (61) 

where o"o is the classical field, while 5a{x^t) represents the quantum fiuctuations around ctq. 
The unperturbed curvaton field satisfies 

d + 2,Ha + = 0, (62) 

where the subscript a denotes partial differentiation with respect to cr. 
Expanding the perturbation of the curvaton 5(7 in Fourier modes, 

{2n) 



5a{x,t) = I ^^^^e^'-Sa^it), (63) 



where k is the comoving wave number, and k denotes its amplitude, we can write the 
equation for the perturbation as 

5a^ + 3H5a^ + + ^"^^ = 0- (64) 
Here we assume that the curvaton potential is sufficiently fiat during infiation, i.e., 

Kal^H^, (65) 
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and that on cosmological scales each Fourier component is in the vacuum state well before 
horizon exit. Then the vacuum fluctuation causes a classical perturbation 5a k well after 
horizon exit, which satisfies Eq. ()64|) . with a negligible gradient term, 

^cTfe + ?)H5ak + Uaa^^k = 0. (66) 

In the limit that the relation is satisfied, the power spectrum of the perturbation of the 
curvaton on super-horizon scales is given by 



2tt J \a^:H^ 

where the star denotes the epoch of horizon exit, k = a^,H^. The spectral index specifying 
the slight scale dependence is given b}^'^ 

d In Vsa 

nsa-l= ^^^^ = 27]^^ - 2eH, (68) 

where rj^^ = U^„/{3H'^). 

Here we assume that the curvaton potential U[a] is given by the following quadratic form 

U[a] = im^2 _ ^ ^gg^ 

which has a global minimum at cr = f . The reason we have shifted the global minimum of 
the potential from the origin to a = f is as follows. In this model, as seen in §2 and §3, 
the dilatons ipi initially exist near the origin, along with the potential V[(pi] in Eq. (jHl), and 
then rapidly evolve in the inflationary stage. Hence, the initial field amplitude of the field 
variables / and / is also small, and then increases in proportion to in the inflationary 
stage. Because the curvaton considered here corresponds to the scalar field with the lighter 
eigenmass, m_, it is conjectured that the initial amplitude of the curvaton is small and then 
increases. In this case, it follows from the discussion in §4.3 that lUaal/H"^ — rria^ / H"^ <^ 1, 
and hence the relation ()65|) is satisfied. The spectral index of the primordial curvature 
perturbation is estimated as 0.99 ± 0.04 by using the first year WMAP data only,^ where 
the uncertainty represents the 68% confidence interval. For example, in the case (v) in Table 
I appearing in §4.3, e^j = 1/uj = 2.4 x 10"^ and rjcra — m^'^/{3H'^) = 2.8 x 10"^. Hence, it 
follows from Eq. (jUHj) that nga- = 1 + 2ria-a — 2eH = 0.98, which is consistent with the above 
observational constraint of WMAP. 

The curvaton remains over damped until the Hubble parameter falls below the curvaton 
mass rricr. The curvaton then starts to oscillate about its vacuum value, taken to be a = f in 
the curvaton potential U[a] in Eq. (jU^ . Here we suppose that the oscillation starts during 
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the radiation-dominated era after the reheating epoch following inflation. It follows from 
Eq. (jU7j) that the spectrum of the fractional field perturbation at this stage is given by 



1/2 




(70) 



where we have defined a = \a — v\. Moreover, the energy density in the oscillating field is 



where a{x,t) is the amplitude of the oscillation. The perturbation in p„ depends on the 
curvaton field perturbation through both a linear and a quadratic term. Assuming that the 
linear term dominates, however, we obtain 



where we have used 5 a = 5cr. 

5.3. Generation of the curvature perturbation 

In the previous subsection, we considered the epoch just after the Hubble parameter falls 
below the curvaton mass, and the curvaton oscillation starts. Once the curvaton starts to 
oscillate, the energy density becomes a mixture of that of the curvaton and radiation. At 
this point, the pressure perturbation corresponding to this mixture becomes non-adiabatic, 
and hence, according to Eq. ()58|1 . the generation of the curvature perturbation begins. It 
ends when the pressure perturbation again becomes adiabatic, which is during the epoch of 
curvaton matter domination, or the epoch of curvaton decay, whichever is earlier. Moreover, 
at the stage at which the curvaton oscillation starts, it is assumed that the dominant portion 
of the energy density comes from the radiation. The curvaton, however, is assumed to be 
fairly long-lived, while decaying before nucleosynthesis. As long as the decay rate of the 
curvaton r„ is negligible, i.e., r'o- <^ H, we obtain oc a^^it) and pr oc a~^(t), leading 
to Pa/Pr oc a(t), where pa is the energy density of the curvaton a, and p^ is that of the 
radiation. It is this increase in the relative curvaton energy density which generates the 
curvature perturbation. 

In order to analyze the generation of the curvature perturbation, it is convenient to sep- 
arately consider the curvature perturbations Cr and (a on, respectively, slices of uniform ra- 
diation density and curvaton density. These curvature perturbations on super-horizon scales 
are separately conserved,!^ as the radiation and the curvaton are perfectly non-interacting 



given bj^ 




(71) 




(72) 
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fluids. The curvature perturbations are given h^p^ 

C = -H^-^ = -H^-Pl±^, (73) 

P Pr + Pa 

C, = -n'-fi = (74) 

pT 4 Pr 

= -H^J^ = \'J^, (75) 

Pa 3 Pa 

where the density perturbations are defined on the fiat shcing of spacetime {ip = 0). It 
follows from Eqs. ()73|) — (I75|) that the total curvature perturbation ( can be written as 

C = (1 - r)C + rC, (76) 



where the relative contribution of the curvaton to the total curvature is given by 

3pa 



(77) 



4p, + 3p„ 

As is usually done in the curvaton scenario, here we assume that the curvature perturbation 
in the radiation produced at the end of infiation is negligible, i.e., Cr ~ 0. Furthermore, we 
assume that the curvaton decays instantaneously at the time that H = H^ec = -^o-? where 
Hdec is the Hubble parameter in the decay epoch. In this case, it follows from Eq. (f7n|) that 
the curvature perturbation during the decay epoch is given by 

C ~ ^decC (78) 

where the approximate equality in Eq. (f79|l follows from Eqs. f|T2|l and (fT5|l . Here, r^ec is 
the relative contribution of the curvaton to the total curvature during the decay epoch, i.e., 
when H = i^dec- Consequently, it follows from Eqs. (f7n|) and ()79p that the spectrum of the 
curvature perturbation in the curvaton scenario is given by 

^ . (81) 

37r o"^ 

The amplitude of the curvature perturbation required by the WMAP measuremenlP^ is 
estimated as 

P^^/^(WMAP) ~ 5.2 X 10-^ (82) 
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In the case that the curvaton dominates the energy density before it decays (that is, r^ec = 1), 
it follows from Eq. ()80|) that the result in Eq. ()82|) implies the following amplitude of the 
spectrum of the fractional field perturbation of the curvaton: 

n./. ^ 7.7 X 10-^ (83) 

Thus, in the case that the curvaton dominates the energy density before it decays, if the 
spectrum amplitude of the fractional field perturbation of the curvaton is approximately 
7.7 X 10"^ (i.e., it follows from Eq. dTU)) that H^/a^ ^ 4.8 x 10"^), then the curvature 
perturbation with the amplitude suggested by observations obtained from WMAP can be 
generated. 

Finally, we note that the arguments given in this section employ analysis in the Einstein 
frame. It is not obvious whether the same property exists in the Jordan frame, which is the 
conformal frame considered in this model. It is shown in Appendix C, however, that the 
power spectrum of the curvature perturbation in the Einstein frame exactly coincides with 
that in the Jordan frame. Thus, the results of the above arguments obtained from analysis 
in the Einstein frame, are identical to those in the Jordan frame. 

§6. Conclusion 

In the present paper, we have shown that the curvaton scenario is realized in a theory 
with two dilatons coupled to the scalar curvature.'^' This theory has been considered in 
order to simultaneously solve the hierarchy problem between gravity and particle physics 
mass scales and the small cosmological constant or the dark energy problem. We have found 
that when both coupling constants between two dilatons and the scalar curvature are much 
smaller than unity, power-law inflation in which the power-law exponent is much larger 
than unity is realized in this model, and that when the difference between the values of 
the two coupling constants is much smaller than these values themselves [in other words, 
the two dilatons have an approximate 0(2) symmetric coupling], there exists a scalar field 
corresponding to the curvaton whose mass is much smaller than the Hubble parameter in 
the inflationary stage in this theory. This is realized without introducing any other scalar 
field that may play the role of the curvaton. Furthermore, we have investigated the simple 
version of the curvaton scenario in which the curvaton has a quadratic potential, and we 
demonstrated that a curvature perturbation with a sufficiently large amplitude and a nearly 
scale-invariant spectrum suggested by observations obtained from WMAP can be generated. 

Finally, we note that in the present model, <^r = a/v^J + v^i ~ 7(t)M exists around the 
origin of the potential V in Eq. Q in the inflationary stage; i.e., the case 7(t) -C 1 during 
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inflation is considered. After sufficient inflationary expansion, the amplitude of (/9r becomes 
large, and then Lp^ approaches the first minimum of the potential. After the oscillation epoch, 
ify. remains around the first potential minimum. Finally, the dilatons decay into radiation 
through coupling to other lighter fields, and then the universe is reheated. By contrast, in 
the scenario proposed in Ref. the following case is considered: In the inflationary stage, 
ifr goes over many local maxima of the potential and then changes for many periods; i.e., 
there exist the relations 7(t) > 1 and 7(tf) — 7(ti) ^ 1, where tf and ti are the time at the end 
and beginning of inflation, respectively. Thus, the situation for the evolution of ip^ during 
inflation considered in the present model is different from that in the scenario proposed in 
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In this appendix, following the discussion in §4, we first derive the fluctuation equation 
in terms of / = eiip\ + 62^2 / = eiip\ — €2^^ in order to derive these mass values in the 
inflationary stage. Next, we investigate these eigenmasses in order to show that an extremely 
large hierarchy of the mass values of / and / in the inflationary stage can be realized. 

A.l. Background quantities 

To begin with, as the preliminary stage for investigating the fluctuation equation in 
terms of / and /, we consider the terms on the right-hand side of Eqs. ()10|) and From 

/ = 61(^1 + e2ipl and ip^"^ = (pf + (p^, we find 



Ref.EI). 
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Appendix A 

Eigenmasses of f and f 



(A-1) 



ei - £2 



ei - £2 




(ei + ea) - 6162 




(A-2) 



V5lV52 



/ 



± 



ei - £2 



1 




) 



(A-3) 
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X 2 2 



f 



(ei + £2) - 2eie2^ 



ei - 62 

Furthermore, from / = 2 (eiv^ivii + e^^i^-i) and L = v9i(/32 — ^2'4'\i we find 

V92/ + 2eiv?iL 



- 2e2(p2L 
^\ = 7T7 ' 9^2 



2/ 



2/ 



Using Eq. ()A-5|) . we obtain 

1 



- ( f + 46162^2 



(A-4) 



(A-5) 



(A-6) 



4/ 



f -4eie2L2 -8eie2/L 



/ 



(A-7) 



• 2 I -2 -21-^ 

V?! +^92 = V^r + ^ 



4/2 



It follows from Eq. ()A-8|) that the quadric equation in terms of L reads 

2- 



f 



f 



1 



+ (ei - 62) 



/ ; V / 



V5lV'2 



The solution of Eq. ()A-9|1 is given by 



2(ei-e2) 



^1^2 
f 



^ ) / ± 2v9r</3r 



/ 



(A-8) 



(A.9) 



(A-IO) 



where in deriving this expression we have used Eq. ()A-3|) . Thus, from Eqs. ()A-2|) — flA-4|) . 
()A-6|) — ()A-8|) . and ()A-10|) . we see that all the terms on the right-hand side of Eqs. (fTUI) and 
can be represented in terms of / and ip,-. 
Next, we consider approximate expressions of A, B, and C. We again assume ipl ~ ipl 
and ipi'^ ~ y32^; as in the case that we approximately determined u in terms of in §3. 
Applying these approximate relations to Eq. (pUj) and using Eqs. fl^ . and (f^ . we find 



A.'2(^\ A. 

3 \a 



(A-11) 
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where in deriving this approximate expression we have employed the relation Cj <^ 1, that 
is, a//? 1, and hence 1. In the same way, from Eqs. (PT|) and ()A-11|) we find 



32/3 



A. 



(A- 12) 



C2 3a 

Furthermore, applying one of the above approximate relations, ipl ~ ipl, to fr'^/f and using 
the ansatz (fTH|) . we find 



Thus, from Eqs. ()A-11|) and ()A-13|) . we find 



(A-13) 



C 



"3^ 



A, 



(A.14) 



where we have taken the positive value of C. 

On the other hand, substituting the ansatz (fT3j) into the solution of the quadric equation 
in terms of L, ()A-10|) . we find 



B = ±2C^ 



+ 1-e.- 



-1/2 



128/32 



■A, 



(A-15) 



(A-16) 



3a3 Y 2/? - a2 ' 

where the second approximate equality follows from Eqs. ()A-lljl and ()A-13jl . 

A. 2. Linearized equations 

In this subsection, we discuss the fiuctuation equation in terms of / = eiipf + e2^pl and 
/ = £1^92 — e2<f2 order to derive these mass values in the infiationary stage. With the 
ansatz 



f = fo + Sf, |5/|«|/o 



f = fo + 6f, 



fo 



(A-17) 



where fo and fo are the zeroth-order quantities, which satisfy Eqs. (fTOl) and f|TI| . respectively, 
we obtain the linearized equations 



Sf + 3HSf 
6"f + 3H6f 



5f 
Sf 



(A-18) 
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where we have retained the terms up to first order in 6f and 6f. Moreover, we have omitted 
the quantities in terms of 6f and 6f derived from the right-hand side of Eqs. ()10j) and (fTT|) . 
This is because, as we see from the ansatz fllSp and Eq. ()A-4|) . both / and / are proportional 



to t^, and thus, in the large t limit we have 



5f 



< Sf and 



5f 



<^ 6f. Incidentally, the 



reason we have chosen the field variable / as the partner of the coupling / is that / is a 
simple quantity satisfying the conditions that it have the same dimensions as / and that it 
be expressed as a linear combination of iff and (/?2- 

In deriving the linearized equations ()A-18|) . we have taken into account the following 
point: From Eqs. (IA-2j) - (IA-4ll . (IA-6jl - flA-8jl . and (lA-lOj) . we see that all the terms on the 
right-hand side of Eqs. ()10j) and (lllj) can be represented in terms of / and (fj-, as noted in the 



previous subsection. Furthermore, from Eq. ()A-4j) . we find y^r^ 
Hence, the fluctuation 6(p,: induced by 6f and 6f can be represented as follows: 

1 



[tl+t2)6f -{ti-t2)6f 



(A-19) 



Thus, all the fluctuations derived from the right-hand side of Eqs. (jlUj) and can be 
represented in terms of 5f and 5f by using Eqs. (IXHH) and 

(FT9|1 . 

From the above, we find that M.^ is given by 

"21 -M. 22 



(A-20) 



with 



n = -4F-2 {2F-V)Q-V 
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61 + 62 

26162 (yij/ 



27 



+ 



ei - £2 I / 



7 



X 



J J 



+ 



21 



1 



(ei + £2) - 6(ei - £2) 



f 



V 



+ F-U2 



+ 



26162 



2(ei-e2)l^ + g 



/ 



V 



(-^-12p)J-V" 

V 26162 / if/ 

+ ^ (-/' + 46162L2 + 2Q//) 



w 

(61 + 62) - 6(61 - 62) — 



• 2 I -2 
f 



w 



7 H-f^S 



3q;=^ y V^q;3/2(14/3 - 5q;2) 2/3 - q;^ 



+ 



8/32/1^2 16/3(q;2-/3) 2(q;2-/3) 



+ 
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Q = (ei + €2) - 2eie2^ ^ , 

J « 

^=(ei + e2)-eie2^ ^ ^, 
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-^(f + 4e,e2L^).4^^^j -, 
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2P 



/ 
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2^ / "^2X 2/?-«2 



1 / 1 
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= (ei - €2) + 



ei + €2 
ei - £2 



C12 = 14a/52 - 0=^/3 - a' + 



48/5(a2 - /?) [2a(a2 -(3)- ?>(3{7a^ - Q(3)] 
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C21 = a' - 8a/5' - 5a''/5 + 12/?(-7a^ + + 10/?') 
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(A-30) 
(A-31) 
(A-32) 
(A-33) 
(A-34) 
(A-35) 
(A-36) 

(A-37) 
(A-38) 
(A-39) 



Here, the expression for F given in ()A-29|) follows from Eqs. (jl2p and ()A-2|) . 

In deriving the last approximate equality in each of the equations ()A-22|) . ()A-24|) . ()A-26|) . 
and we have used Eqs. ((21, (ES), (Eilll), d^^ - (IX44|) . and (IX46|l . More- 

over, in the last approximate equality in each of the equations flA-22|) . ()A-24|) . ()A-26|) . and 
()A-28|) . we have retained all the leading-order terms and some of the sub- leading order terms 
in and omitted the rest of the sub- leading order terms, which are explicitly unimportant. 
Furthermore, in deriving the last approximate equality in ()A-33|) . we have taken the negative 
sign, so that I has a finite value. If we take the positive sign, under the approximation in 
()A-13|) . we have / ^ 0. Since it follows from Eqs. ()A-10|) . ()A-33|) . and ()A-34|) that the angular 
momentum is given by L = — (±P^/2j ^^d because here we consider the case L 7^ 0, we 
have taken the negative sign so that the angular momentum can have a finite value. Hence, 
in deriving the approximate expressions ()A-22|) . ()A-24|) . ()A-26|) and ()A-28|) . we have taken 
the negative sign in the last term on the right-hand side of each of Eqs. ()A-21|) . ()A-23|) . 
()A-25|) and ()A-27|) . because the sign of these terms is determined by the angular momentum 
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L, and L is proportional to /, as shown above. 

We finally emphasize that all the terms in each of the components of Ai^ can be expressed 
in terms of the background quantities / = At"^, L = Bt and (p^ = Ct in the inflationary stage, 
and hence can be approximately represented in terms of a and (3 by using the expressions 
dUnj, (1X421) . (1X441) and (IX46|) . as shown in expressions ()A-22|) , ()A-24|) , ()A-26|) and ()A-28|) . 

A. 3. Mass diagonalization 

Next, in order to show that an extremely large hierarchy of the mass values of / and 
/ in the inflationary stage can be realized, we investigate these eigenmasses by solving the 
characteristic equation of A^^, 



where A is the eigenvalue oi M.^ and E is the unit matrix. The solutions of Eq. ()A-40|) are 
equivalent to the diagonal components of the diagonalized form of A^^, namely, the square 
of the eigenmasses of / and /. The solution of Eq. ()A-40|) is given by 



In this subsection, in order to evaluate the solutions ()A-4H) . we derive approximate expres- 
sions of TrA^^ and det Al^. 

From Eq. © and the expressions ()A-22|) . ()A-24|) . ()A-26|) . and ()A-28jl . we can obtain 
approximate expressions for TrA^^ and det Al^. For convenience in describing these expres- 
sions, we define Tr Ai^ = (Tr Af2)(o) ^ (Tr Al2)(i) det Al^ ^ (det Ai^^w ^ (det Ai2)(i) + 

(det Jv['^Y'^\ where (Tr Af^)*^'^-' and (det Al^)^^) are the parts independent of the sine functions, 
while (TrAl^)^-^^ and (det Ai^)^-^^ are the parts proportional to sin [^p^/M + arctan (X1/X2)] 
and sin [(y9r/M + arctan (F1/F2)], respectively, and (detAl^)*^^^ is the part proportional to 
sin [2ipjM + arctan (^1/^2)]- \Xi, X2, Fi, ^2, ^1 and Z2 are given in Eqs. (|X49l) - (jX34j) .] 
We then obtain the approximate expressions for TrAi^ and det Al^ as 

TiAe = M\i+M\2 




(A-40) 




(Tr Al2)(0) ^ (Tr Al2^«, 
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(A-43) 




(A-44) 



30 



and 




31 



^1 



64^ 



64(a2 _ 



J"2 



1024/34 
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(A-53) 



(A-54) 



Here we have considered the case Vq ~ /I ~ M^. Moreover, from Eq. ()4ip. we have used the 
relation 



_ H 00 1 all 
M ^ — = ^ , 

r r t 8/? r t ' 

where the last approximate equality follows from Eq. (j2HI)- 



(A-55) 



Appendix B 

Power-Law Inflation in the Einstein Frame 

In this appendix, we show that power-law inflation can be realized in this model not only 
in the Jordan frame, as shown in §3, but also in the Einstein frame. 

B.l. Action 

To begin with, we make the following conformal transformation of the action in Eq. (fT|): 



— (9^ 



with 



(B-2) 



Here, the hat denotes quantities in the Einstein frame. Moreover, f{ipi) = eiip\ + e2^\ in Eq. 
(j2I) is the coupling between the dilaton and the scalar curvature. The action in the Einstein 
frame is then given 



St; 



d xy —g 



2 V / 



+ 



2/ 



with 



66162 ^^^^''<9^<^i<9^<^2 - V[pi\ + 



:b-3) 



4/2 



:b-4) 
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Here, the subscript ipi denotes partial differentiation with respect to tpi. Moreover, in deriving 
the expression for the third term on the right-hand side of Eq. (IB-3|) , namely, the cross term, 
we have used the symmetry between ^ and v. Because there exists this cross term in the 
action in Eq. ()B-3|) . we introduce new scalar fields defined as 

1 



(B-5) 



'-e2(p2d^,ipi + eiipidf,ip2) 



(B-6) 



+ 4'^l 

so that the cross term can be removed. Then the action in Eq. ()B-3|) can be rewritten in the 



form 

Se 



d 



9 9 ^ 



f 



2/ 



V / ; 



(B-7) 



where i in the third term in the brackets on the right-hand side of Eq. ()B-7|) corresponds to 
the subscript of (i = 1, 2). 

Furthermore, we introduce new scalar fields defined as 



dipi 



(B-8) 



with 



I^E(^„) = ^(^)%^ + (-l)^+^6(^y, (>0) (B.9) 



so that the action in Eq. ()B-7j) can be rewritten in the following canonical form: 



d x\/—g 



(B-IO) 



It is conjectured that if the potential V is written in terms of and (p2, the form is 
complicated. 

B.2. Field equations 

Field equations can be derived by taking variations of the action in Eq. ()B-10|) with 
respect to the metric g^^ and the dilatons (pi as follows: 



R 



1X1/ 



— -n f? — T(™) -I- Ti'^i) 
^y/if-"' -'-III/ ' -'- III/ 



(B-11) 
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with 



and 



dV 



(B-12) 



(B-13) 



where □ = g^^V^Vu- 

We now assume spatially flat Friedmann- Robert son- Walker (FRW) spacetime with the 
metric 



ds'^ = g^udx^dx^ = dt^ — a^{t)dx'^, 
to which we apply the conformal transformation in Eq. ()B-1|) as follows: 

df = g^^dx^dx"" = Q'^ds^ = f2^dt^ - f2^a\t)dx'^. 
We write the above line element in the form 

df = df - (i) dx^, 



(B.14) 



(B-15) 



(B-16) 



through which i is defined as the cosmic time in the Einstein frame, and d (t) as the scale 
factor. From Eqs. ()B-15|) and ()B-16|) . we find 



dt = Odt, 
d = Qa. 



(B-17) 
(B.18) 



In the FRW metric ()B-16|) . the background gravitational field equations read 



dH 

di 



1 dd 
d di 



1 
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3 1°° +2 



di 
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d^2 
di 
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+ V 
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Moreover, the equations of motion for the background homogeneous scalar fields read 

dV 



dt^ di difj^ 



(B-21) 
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B.3. Power-law inflation 

Next, we show that power-law inflation can be realized in the Einstein frame. Substituting 
Eq. ()B-2|) with / = At"^ in the ansatz (jl5|) in the Jordan frame into Eq. ()B-17|) . we find 



dt 



'2Atdt. 



Integrating Eq. ()B-22|) . we obtain 



(B-22) 



t 



2 ' 



where we have chosen the constant of integration so that t = at t = 0. 
Here we seek solutions with the following ansatz: 

d oc i"^. 



(B-23) 



(B-24) 



We now assume that in the inflationary stage, the cosmic energy density is dominated by 
the dilatons, and hence Tj™"* is negligible. Substituting the ansatz ()B-24j) into Eqs. ()B-19|I 
and ()B-20j) and using Eq. ()B-4j) with f = At"^, we obtain 



_ 1 
£2 ~ 6 



#1 
di 
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dxp2 
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24AF' 



(B-25) 



2 / „ \ 2" 

dipi \ I d(f2 



dt 



dt 



Eliminating 



d^^/ (di) + d^^l (di) from Eqs. and (jB^ . we obtain 



1 . V 



UJ LU 



3 24A 



0. 



The solution of Eq. ()B-27|) is given by 



(B-26) 



(B-27) 



(B-28) 



^ (l + Vl + 9uj' 



(B-29) 



where we have taken the positive solution of uj. Moreover, in deriving the approximate 
equality in Eq. ()B-29|) . we have ignored variation of the potential, and hence replaced V 
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by its average value A (as done in §3 in deriving the solutions of power-law inflation in the 
Jordan frame) and used the relation A/A ^ 3/(32) (a//?)^ ^ Gu"^, where the first approximate 
equality follows from Eq. ()A-11|) , and in deriving the last approximate equality we have used 
Eq. (EHD- Hence, it follows from Eq. (lE^ that if the power-law exponent u in the Jordan 
frame is much larger than unity, the power-law exponent u in the Einstein frame can also 
be much larger than unity. Because power-law inflation with u ^ 1 can be realized in 
the Jordan frame, as shown in §3 and §4.2, power-law inflation can also be realized in the 
Einstein frame. 

Finally, we estimate the number of e-folds during inflation in the Einstein frame. As in 
the Jordan frame, this number is defined a^ 



A^= / Hdt (B-30) 



ti 



Lulnit], (B-31) 



where in deriving Eq. ()B-31|) . we have used H = u/i. Applying Eq. ()B-23|) to Eq. ()B-31|) . 
we obtain 

N = 2u\n(^j^ (B-32) 

^2cl;ln ^— . (B-33) 
.liti). 

Here, in deriving Eq. ()B-33|) . we have used Eqs. (j^^ and ()55|) . For example, in the case (v) 
in Table I, it follows from uj = 4A x 10^ and Eq. ()B-29j) that cl; = 2.1 x 10^. Furthermore, 
it follows from this value of a), the relation 7(ti) — 3.5 x 10"'^ and Eq. ()B-33|1 that = 
3.7 X 10^ > 70. Thus, the expansion of the universe during the power- law inflation in the 
Einstein frame is large enough to solve both the horizon and flatness problems. Thus our 
result in the Einstein frame is the same as that in the Jordan frame, considered in §4.3. 

Appendix C 

Equivalence of the Power Spectra of the Curvature Perturbations in the Jordan and 

Einstein Frames 

In this appendix, we show that the power spectra of the curvature perturbations in the 
Jordan and Einstein frames are the same, following the outline given in Ref. I^Tjl . Here we 
note that in this appendix we consider the case in which there exists a scalar field coupled 
to the scalar curvature, as shown in Eq. ()C-1|) . 
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C.l. Curvature perturbations in the Jordan frame 

We first consider the power spectrum of curvature perturbations in tlie Jordan frame. 
To begin witli, we consider tlie action 



d^x\J —g 



(C-1) 



wliere is the couphng between the scalar field and the scalar curvature i?, and V[(/>] 

is the potential of the scalar field; both ^(0) and V[0] are arbitrary functions of the scalar 
field 0. 

We consider a general perturbed metric for scalar perturbations 



ds^ = (1 + 2<?) dt^ - 2a{t)Bp .dx'dt - a^{t) (1 - 2^) Sij + 2Ep . . 



doc doc • 



(C-2) 



where a comma denotes a fiat-space coordinate derivative. Here, it is convenient to introduce 
the comoving curvature perturbation TZ defined as 



(C-3) 



where 6(f) is the perturbation of the field (p. It follows from the action in Eq. ()C-1|) that the 
equation of motion is given bj^^ 



1 / • \ • 



with 



a^Q 



(C-4) 



+ 3^7 (2^) 



2 • 



(C-5) 



If we ignore the contribution of the decaying mode, the curvature perturbation is conserved 
in the large-scale limit (A; 0). We here introduce the new variables z = ay/Qs and u = aTZ, 
so that Eq. ()C-4|) can be rewritten in the form 



u" + k 



M = 0, 



(C-6) 



where the prime denotes differentiation with respect to the conformal time 1] = J dt/a[t). 
Here, the gravitational term z" /z can be written as 



— = {aHY 

z 



:i + (5s)(2 + 5s+^) + 4f 

aH 



(C-T) 
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where 

^ = §-2, (C-8) 

' 2HQs ^ ' 

In the context of slow-roll inflation, it is a good approximation to ignore the variations of e 
and 5s- Iii the case of power-law inflation, the conformal time is given hj rj = —l/[{l+e)aH]. 
From this expression of r] and Eq. ()C-7|) . we obtain 



^1 = 11 

9 ' 



(C-IO) 



with 



Ts = . (Cll) 

The solution of Eq. ()C-6|) is then given by 

u = ^ [ciH^j-^m + c,H^:^^m)\ , (c-i2) 

where 



^s^p^ + l- (C-13) 

Here h'^^ and h'^^ are z/gth-order Hankel functions of types 1 and 2, respectively. We 
choose the coefficients to be ci = and C2 = 1, so that positive frequency solutions in 
the Minkowski vacuum can be recovered in the asymptotic past. Then, using the relation 

('2) 

Hl^ {k\ri\) — > (i / Tc) r (va,) (^1^1/2)"'^^ for long wavelength perturbations {k 0), we find that 
the power spectrum of the comoving curvature perturbation Vn = [k'^/ (27r^)] |7?.|^ is given 
by 



Furthermore, the spectral index ris = 1 + dlnV-ji/ (dink) is given by 

ns - 1 = 3 - 2z/s = 3 - ^478 + 1, (C-15) 
where the last equality follows from the relation ()C-13|) . 



38 



C.2. Curvature perturbations in the Einstein frame 

Next, in order to show that the power spectrum of the curvature perturbations in the 
Jordan frame is identical to that in the Einstein frame, we consider the power spectrum of 
curvature perturbations in the Einstein frame. 

To begin with, we apply the following conformal transformation to the action in Eq. 



with 



9^iy Qfiv — ^sQ^iu^ 



The action in the Einstein frame is then given \y^^ 



d x^y—g < — R H — 



3 i^M , 1 

2 V ^ / ^ 



V0 -V[ 



with 



jr2 ' 



(C-16) 



(C-17) 



(0-18) 



(C-19) 



Here, the subscript (j) denotes partial differentiation with respect to (j). Furthermore, we 
introduce the new scalar fields 



with 



(C-20) 



(C-21) 



so that the action in Eq. ()C-18|) can be rewritten in the following canonical form: 

Now we consider a perturbed metric in the Einstein frame, 
ds^ = f2sds'^ 

1 + 2S) dP - 2d{i)Bp .dx'di 



-d\i) 



P,i,j 



d/CC dec • 



(C-22) 
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and decompose the conformal factor into background and perturbed parts as 



[2s{x,t) = f2s{t) 1 + 



Dsit) 



(C-25) 



In what follows we drop the bar on f2s{t). From the above, we obtain the following relations: 

,, , 1 / J7s 

a = a^/f]s, dt = \/f2sdt, H = \ H ' 



(C-26) 



Using these relations, it is shown that curvature perturbations in the Einstein frame exactly 
coincide with those in the Jordan frame as follow: 



H 



d4)/ {di) 



H 



-tp - ^5<p = n. 



Hence, from Eq. ()(>28|1 we find 



Furthermore, we introduce the following quantities: 



7s 



l + 5s 2 + 5s + ^ 



dH/ [di) 



[l + e) 



^ dQs/ jdi) . 



d(j)/ (di) 



-\ 2 



H 



Qs 



2HQs 

The spectral index of scalar perturbations in the Einstein frame is then given by 

ns - 1 = 3 - a/47s + 1. 
Moreover, the two quantities i and 6s can be expressed as follows: 



e = + 



1 + ^9 H{\^^) 



2 ' 



(C-27) 
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with 



^ = ^. (C.34) 

When the variation of is neghgible (t? ~ 0), which is the case in the context of slow-roll 
inflation, it can be shown that 73 = 73. Hence, the spectral index in Eq. ()C-31|) in the 
Einstein frame coincides with that in the Jordan frame: fis = ris- 

Finally, we note that in the above discussion, we have considered comoving curvature 
perturbations TZ and then shown that the power spectrum of such perturbations in the 
Einstein frame exactly coincides with that in the Jordan frame. Contrastingly, in §5 we 
considered curvature perturbations on uniform-density hypersurfaces Comoving curvature 
perturbations and curvature perturbations on uniform- density hypersurfaces (, however, are 
identical on superhorizon scalesP^ Thus, the results of §5 obtained from analysis in the 
Einstein frame are identical to those in the Jordan frame. 
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Fig. 1. Estimates of Si = TrA^^/M^ in the relation ()46() . The solid curve is for the case T = 
1.5 X 10^, and the dotted curve is for the case T = 3.5 x 10^. The left panel describes the case 
€i=€2 + 1.0 X 10""^, €2 = 1.0 X 10-3 + 1.0 X 10-^i (0 < i < 89), where j is an integer, while the 
right panel describes the case ei = £2 + 1.0 x 10"^, €2 = 1.0 x 10"^ + 1.0 x lO'^j (0 < j < 89). 
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Fig. 2. Estimates of S2 = det7W^/M^ in the relation (|47|) . The solid curve is for the case 
T = 1.5 X lO'*, and the dotted curve is for the case T = 3.5 x 10^. The left panel describes the 
case ei = £2 + 1.0 x 10"^, £2 = 1.0 x 10"^ + 1.0 x lO^^'j (0 < j < 89), where j is an integer, while 
the right panel describes the case ei = €2 + 1.0 x 10"^, £2 = l.Ox lO'^ + l.Ox IQ-^j (0 < j < 89). 
In the case T = 1.5 x 10'^, for €2 < 2.9 x IQ-'^ and £2 > 4.5 x 10"^, we have S2 < 0. Similarly, 
in the case T = 3.5 x 10^, for £2 < 6.9 x 10^"^ and £2 > 4.5 x 10"^, we have S2 < 0. 
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Fig. 3. Estimates of in the relation H48() . The sohd curve is for the case T = 1.5 x 10^, 
and the dotted curve is for the case T = 3.5 x 10^. The left panel describes the case ei = 
e2 + 1.0 X 10~^, £2 = 1.0 X 10^^ + 1.0 X 10~^j (0 < j < 89), where j is an integer, while the right 



panel describes the case ei = £2 + 1.0 x lO"^, £2 = 1.0 x 10^^ + 1.0 x lO^^j (0 < j < 89). In the 
case T = 1.5 X 10^, for €2 > 4.5 x 10~^, we have < 0. Similarly, in the case T = 3.5 x 10^, 
for £2 > 4.6 X 10"^, we have <9 < 0. 
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Fig. 4. Estimates of (A+) /M^ and (A_) /M^ in Eqs. (jMl) and The sohd curves are for 

the case r = 1.5 X lO'', and the dotted curves are for the case T = 3.5 x 10^. Thick curves 
represent (A4-) /M^, and the thin curves represent (A_) /M^. The left panel describes the case 
= £2 + 1.0 X 10""^, €2 = 1.0 X 10"^ + 1.0 X lO-'^i (0 < j < 89), where j is an integer, while the 
right panel describes the case ei = £2 + 1.0 x 10"^, £2 = 1.0 x 10"^ + 1.0 x 10"^j (0 < j < 89). 
In both the cases T = 1.5 x 10"^ and T = 3.5 x 10^, for £2 < 2.4 x lO'^ and £2 > 4.5 x 10"^ we 
have (A_) /AP < 0. 
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. 5. Estimates of (A_/A-|-) in Eq. (|5H) . The solid curve is for the case r = 1.5 x lO'', and the 
dotted curve is for the case T = 3.5 x 10^. In this figure, the former and latter coincide. The 
left panel describes the case ei = €2 + 1.0 x 10"^, 62 = 1.0 x lO^^ + l.o x 10-^j (0 < j < 89), 
where j is an integer, while the right panel describes the case ei = €2 + 1-0 x 10^'^, e2 = 
1.0 X 10^2 _^ i Q X lO^^j (0 < i < 89). In both the cases T = 1.5 x 10^ and T = 3.5 x 10^ for 
£2 < 2.4 X 10^2 and €2 > 4.5 x 10"^ we have (A_/A+) < 0. 
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